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Abstract
The concept of weak contraction from the case of single-valued mappings is extended to multi-valued
mappings and then corresponding convergence theorems for the Picard iteration associated to a multi-valued
weak contraction are obtained. The main results in this paper extend, improve and unify a multitude of
classical results in the fixed point theory of single and multi-valued contractive mappings and also improve
recent results from the paper [P.Z. Daffer, H. Kaneko, Fixed points of generalized contractive multi-valued
mappings, J. Math. Anal. Appl. 192 (1995), 655–666].
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1. Introduction
Let (X,d) be a metric space and let CB(X) denote the family of all nonempty bounded and
closed subsets of X. For A,B ⊂ X, we consider
D(A,B) = inf{d(a, b): a ∈ A,b ∈ B}, the distance between A and B,
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and
H(A,B) = max{sup{D(a,B): a ∈ A}, sup{D(b,A): b ∈ B}},
the Hausdorff–Pompeiu metric on CB(X) induced by d .
It is known that CB(X) is a metric space equipped with the Hausdorff–Pompeiu distance
function H . It is also known, see for example Lemma 8.1.4 in Rus [35], that if (X,d) is a
complete metric space then (CB(X),H) is a complete metric space, too.
Let P(X) be the family of all nonempty subsets of X and let T :X → P(X) be a multi-valued
mapping. An element x ∈ X such that x ∈ T (x) is called a fixed point of T . We denote by Fix(T )
the set of all fixed points of T , i.e.,
Fix(T ) = {x ∈ X: x ∈ T (x)}.
The study of fixed point theorems for multi-valued mappings has been initiated by Markin [22]
and Nadler [24]. The following result, usually referred as Nadler’s fixed point theorem, extends
the well-known contraction mapping principle from single-valued maps to set-valued contractive
maps (we shall usually denote T (x) by T x).
Theorem 1. Let (X,d) be a complete metric space and T :X → CB(X) a set-valued α-contrac-
tion, i.e., a mapping for which there exists a constant α ∈ (0,1) such that
H(T x,T y) αd(x, y), for all x, y ∈ X. (1.1)
Then T has at least one fixed point.
Since the pioneering works of Markin [22] and Nadler [24], an extensive literature has been
developed, consisting in many theorems which deal with fixed points for multi-valued map-
pings, see [1,2,10–13,16,18–21,23,25–38], and especially the monographs of Rus [33,35], for a
good survey and several still open problems. Some of these theorems require the range of each
point to be compact, others to be bounded (and closed). In some cases the contractive defini-
tions are expressed in terms of diameters of sets, in others the contractive definitions involve the
Hausdorff–Pompeiu metric, as is the case of the present paper.
Based on some recent results of the second author [5–7], in which a large class of (single-
valued) weakly Picard operators, called weak contractions, were introduced and studied, the
main aim of this paper is to prove some fixed point theorems for multi-valued weak contractions.
2. Single-valued weak contractions
Following [7], a single-valued mapping T :X → X is called a weak contraction or (δ,L)-
weak contraction iff there exist two constants, δ ∈ (0,1) and L 0, such that
d(T x,T y) δ · d(x, y) + Ld(y,T x), for all x, y ∈ X. (2.1)
We state Theorems 1 and 2 of [7] in the next theorem, for convenience and in view of extending
the first of them to the case of multi-valued mappings.
Theorem 2. Let (X,d) be a complete metric space and T :X → X a (δ,L)-weak contraction.
Then
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(2) For any x0 ∈ X, the Picard iteration {xn}∞n=0 given by xn+1 = T xn, n = 0,1,2, . . . , con-
verges to some x∗ ∈ Fix(T ).
(3) The following estimates
d(xn, x
∗) δ
n
1 − δ d(x0, x1), n = 0,1,2, . . . , (2.2)
d(xn, x
∗) δ
1 − δ d(xn−1, xn), n = 1,2, . . . , (2.3)
hold, where δ is the constant appearing in (2.1).
(4) Under the additional condition that there exist θ ∈ (0,1) and some L1  0 such that
d(T x,T y) θ · d(x, y) + L1 · d(x,T x), for all x, y ∈ X, (2.4)
the fixed point x∗ is unique and the Picard iteration converges at the rate
d(xn, x
∗) θd(xn−1, x∗), n ∈ N.
As shown in [6,7], a lot of well-known contractive conditions from literature do imply the
weak contraction condition (2.1) and also the uniqueness contraction condition (2.4). Both are
really very general, because they do not ask δ + L and, respectively, θ + L1, be less than 1, as
happens in almost all fixed point theorems based on contractive conditions that involve one or
more of the displacements
d(x, y), d(x,T x), d(y,T y), d(x,T y), d(y,T x).
Therefore, Theorem 2 includes as particular cases several important fixed point theorems in
literature, amongst them we mention: the contraction mapping principle, Kannan fixed point
theorem [17], Zamfirescu’s fixed point theorem [39] and many other fixed point theorems, see
[6,33,35] for more details and references.
Moreover, Theorem 2, items (1)–(3), which ensure the existence of fixed points for weak
contractions, and item (4), which guarantees the existence and uniqueness of the fixed point for
some special weak contractions, also provide a method for approximating these fixed points by
means of the Picard iteration. For this method, both a priori and a posteriori error estimates are
available, and moreover, these estimates have exactly the same form as in the particular case of
the contraction mapping principle.
Starting from this background, the main aim of this paper is to extend the concept of weak con-
traction from the case of single-valued mappings to multi-valued mappings. In this way we shall
obtain general fixed point theorems that extend, improve and unify a multitude of corresponding
results in literature [10,13,17–19,23–28,33,35,38] and many others, for both single-valued and
multi-valued maps.
3. Multi-valued weak contractions
To prove the main results in this paper, we shall need the following lemma which can be
found, e.g. in [10] or [35].
Lemma 1. Let (X,d) be a metric space. Let A,B ⊂ X and q > 1. Then, for every a ∈ A, there
exists b ∈ B such that
d(a, b) qH(A,B). (3.1)
M. Berinde, V. Berinde / J. Math. Anal. Appl. 326 (2007) 772–782 775Proof. If H(A,B) = 0, then a ∈ B and (3.1) holds for b = a. If H(A,B) > 0, then let us denote
 = (h−1 − 1)H(A,B) > 0. (3.2)
Using the definition of D(a,B) and H(A,B), it follows that, for any  > 0, there exists b ∈ B
such that
d(a, b)D(a,B) +  H(A,B) + . (3.3)
Now, by inserting (3.2) in (3.3), we get (3.1). 
The following notion was given in Rus [34], see also Rus et al. [36].
Definition 1. Let (X,d) be a metric space and T :X → P(X) be a multi-valued operator. T is
said to be a multi-valued weakly Picard (briefly MWP) operator iff for each x ∈ X and any
y ∈ T (x), there exists a sequence {xn}∞n=0 such that
(i) x0 = x, x1 = y;
(ii) xn+1 ∈ T (xn) for all n = 0,1,2, . . . ;
(iii) the sequence {xn}∞n=0 is convergent and its limit is a fixed point of T .
Remark. A sequence {xn}∞n=0 satisfying conditions (i) and (ii) in Definition 1 will be called a
sequence of successive approximations of T , starting from (x, y), or a Picard iteration associated
to T or a (Picard) orbit of T at the initial point x0.
For the beginning, we shall present some examples of MWP operators taken from [36].
A more general class of MWP operators will be given by Theorems 3 and 4 in this paper.
Example 1. (Nadler [24]) Let (X,d) be a complete metric space and T :X → CB(X) be a multi-
valued α-contraction (0 < α < 1). Then T is an MWP operator.
Example 2. (Reich [27–29]) Let (X,d) be a complete metric space and T :X → CB(X) be a
multi-valued operator for which there exist α,β, γ ∈ R+, α + β + γ < 1 such that
H(T x,T y) αd(x, y) + βD(x,T x) + γD(y,T y), for all x, y ∈ X.
Then T is an MWP operator.
Example 3. (Rus [34]) Let (X,d) be a complete metric space and T :X → CB(X) be a multi-
valued operator for which there exist α,β,∈ R+, α + β < 1 such that
(i) H(T x,T y) αd(x, y) + βD(y,T y), ∀x ∈ X and ∀y ∈ T x.
(ii) T is a closed multi-valued operator.
Then T is an MWP operator.
Example 4. (Petrus¸el [25]) Let (X,d) be a complete metric space, x0 ∈ X and r > 0.
Let T : B˜(x0, r) → CB(X) be a multi-valued operator for which there exist α,β, γ ∈ R+,
α + β + γ < 1 such that
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(ii) δ(x0, T (x0)) < [1 − (α + β + γ )](1 − γ )−1r .
Then T is an MWP operator.
Definition 2. Let (X,d) be a metric space and T :X → P(X) be a multi-valued operator. T is
said to be a multi-valued weak contraction or a multi-valued (θ,L)-weak contraction iff there
exist two constants θ ∈ (0,1) and L 0 such that
H(T x,T y) θd(x, y) + LD(y, T x), for all x, y ∈ X. (3.4)
Remark. Due to the symmetry of d and H , in order to check that T is a multi-valued weak
contraction, we have also to check the dual of (3.4), that is to check that T verifies
H(T x,T y) θd(x, y) + LD(x, T y), for all x, y ∈ X.
The next theorem is the main result of this paper. It basically shows that any multi-valued
weak-contraction is an MWP operator.
Theorem 3. Let (X,d) be a complete metric space and T :X → CB(X) a multi-valued (θ,L)-
weak contraction. Then
(1) Fix(T ) = ∅;
(2) for any x0 ∈ X, there exists an orbit {xn}∞n=0 of T at the point x0 that converges to a fixed
point u of T , for which the following estimates hold:
d(xn,u)
hn
1 − hd(x0, x1), n = 0,1,2, . . . , (3.5)
d(xn,u)
h
1 − hd(xn−1, xn), n = 1,2, . . . , (3.6)
for a certain constant h < 1.
Proof. Let q > 1. Let x0 ∈ X and x1 ∈ T x0. If H(T x0, T x1) = 0 then T x0 = T x1, i.e., x1 ∈ T x1,
which actually means that Fix(T ) = ∅.
Let H(T x0, T x1) = 0. By Lemma 1, there exists x2 ∈ T x1 such that
d(x1, x2) qH(T x0, T x1).
By (3.4) we have
d(x1, x2) q
[
θd(x0, x1) + Ld(x1, T x0)
]= qθd(x0, x1).
We take q > 1 such that
h = qθ < 1
and hence
d(x1, x2) < hd(x0, x1).
If H(T x1, T x2) = 0, then T x1 = T x2, i.e., x2 ∈ T x2.
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d(x2, x3) hd(x1, x2).
In this manner we obtain an orbit {xn}∞n=0 at x0 for T satisfying
d(xn, xn+1) hd(xn−1, xn), n = 1,2, . . . , (3.7)
By (3.7) we inductively obtain
d(xn, xn+1) hnd(x0, x1) (3.8)
and, respectively,
d(xn+k, xn+k+1) hk+1d(xn−1, xn), k ∈ N, n 1. (3.9)
By (3.8) we then obtain
d(xn, xn+p)
hn(1 − hp)
1 − h d(x0, x1), n,p ∈ N, (3.10)
which, in view of 0 < h < 1, shows that {xn}∞n=0 is a Cauchy sequence. Since (X,d) is complete,
it follows that {xn}∞n=0 is convergent. Let
u = lim
n→∞xn. (3.11)
Then
D(u,T u) d(u, xn+1) + D(xn+1, T u) d(u, xn+1) + H(T xn,T u)
which by (3.4) yields
D(u,T u) d(u, xn+1) + θd(xn,u) + LD(u,T xn). (3.12)
Letting n → ∞ in (3.12) and using the fact that xn+1 ∈ T xn implies by (3.11), D(u,T xn) → 0,
as n → ∞, we get
D(u,T u) = 0.
Since T u is closed, this implies u ∈ T u. To obtain (3.5) we let p → ∞ in (3.10). By (3.9) we get
similarly to (3.10)
d(xn, xn+p)
h(1 − hp)
1 − h d(xn−1, xn), p ∈ N, n 1, (3.13)
and letting p → ∞ in (3.13) we obtain (3.6). 
Remarks.
(1) Generally, the fixed point set of a multi-valued weak contraction contains more than one fixed
point, which is not surprising because, even in the case of single-valued weak contractions,
their fixed point set is not a singleton (see [7, Example 1]).
(2) A different proof for Theorem 3, similar to that given in Granas and Dugundji [15, p. 28]
for the Nadler’s fixed point theorem (Theorem 1 in this paper), could be adapted to the case
of multi-valued weak contractions, by using the same technique of proof, i.e., the Caristi’s
fixed point theorem.
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to (3.4), i.e.,
H(T x,T y) θd(x, y) + L1D(x,T x), for all x, y ∈ X, (3.14)
where θ ∈ (0,1) and L1  0 are two constants, then even in the single-valued case, see [7],
T need not have a fixed point. The stability of fixed points for multi-valued mappings satis-
fying (3.14) was studied in [37] under the additional assumption that “there exists an orbit
of T at x0 that converges to a fixed point of T ” (implicitly assumed to exist).
4. Generalized multi-valued weak contractions
The results in the previous section could be further extended by considering instead of the
term θd(x, y) in (3.4) the expression
k
(
d(x, y)
)
d(x, y), where k : [0,∞) → [0,1)
is a function satisfying certain conditions, like in [13,18,19].
Theorem 4. Let (X,d) be a complete metric space and T :X → CB(X) a generalized multi-
valued (α,L)-weak contraction, i.e., a mapping for which there exists a function α : [0,∞) →
[0,1) satisfying lim supr→t+ α(r) < 1, for every t ∈ [0,∞), such that
H(T x,T y) α
(
d(x, y)
)
d(x, y) + LD(y, T x), for all x, y ∈ X. (4.1)
Then T has at least one fixed point.
Proof. The proof is adapted after that of Theorem 2.1 in Daffer and Kaneko [13]. Let x0 ∈ X
and x1 ∈ T x0. We can choose a positive integer n1 such that
αn1
(
d(x1, x0)
)

[
1 − α(d(x1, x0))]d(x1, x0). (4.2)
In view of (3.3), we may select x2 ∈ T x1 such that
d(x2, x1)H(T x1, T x0) + αn1
(
d(x1, x0)
)
,
which together with (4.2) yields
d(x2, x1)H(T x1, T x0) + αn1
(
d(x1, x0)
)
 α
(
d(x1, x0)
)
d(x1, x0) + LD(x1, T x0) + αn1
(
d(x1, x0)
)
= α(d(x1, x0))d(x1, x0) + αn1(d(x1, x0))< d(x1, x0).
Now, we choose a positive integer n2, n2 > n1, such that
αn2
(
d(x2, x1)
)

[
1 − α(d(x2, x1))]d(x2, x1).
Since T x2 ∈ CB(X), we may select x3 ∈ T (x2) such that
d(x3, x2)H(T x2, T x1) + αn2
(
d(x2, x1)
)
,
and then, similarly to the previous case, we have
d(x3, x2)H(T x2, T x1) + αn2
(
d(x2, x1)
)
 α
(
d(x2, x1)
)
d(x2, x1) + LD(x2, T x1) + αn2
(
d(x2, x1)
)
= α(d(x2, x1))d(x2, x1) + αn2(d(x2, x1))< d(x2, x1).
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such that
αnk
(
d(xk, xk−1)
)

[
1 − α(d(xk, xk−1))]d(xk, xk−1).
Now select xk+1 ∈ T (xk) such that
d(xk+1, xk)H(T xk,T xk−1) + αnk
(
d(xk, xk−1)
)
. (4.3)
The last two inequalities together imply that d(xk+1, xk) < d(xk, xk−1), which shows that the se-
quence of nonnegative numbers {dk}, given by dk = d(xk, xk−1), k = 1,2, . . . , is nonincreasing.
This means that there exists limk→∞ dk = c 0.
Let now prove that the Picard orbit {xk} ⊂ X so generated is a Cauchy sequence.
Using the fact that, by hypothesis, for t = c we get lim supt→c+ α(t) < 1, it results that there
exists a rank k0 such that for k  k0, we have α(dk) < h, where lim supt→c+ α(t) < h < 1. Now
by (4.3) we deduce that the sequence {dk} satisfies the following recurrence inequality:
dk+1  α(dk) + αnk (dk), k = 1,2, . . . , (4.4)
By induction, from (4.4) we get
dk+1 
k∏
i=1
α(di)d1 +
k−1∑
m=1
k∏
i=m+1
α(di)α
nm(dm) + αnk (dk), k  1,
which, by using the fact that α < 1, can be simplified to
dk+1 
k∏
i=1
α(di)d1 +
k−1∑
m=1
k∏
i=max{k0,m+1}
α(di)α
nm(dm) + αnk (dk). (4.5)
Let us denote by S the right-hand side of (4.5) and try to find a suitable upper bound for the
second term in S, denoted by S1. We have
S1 ≡
k−1∑
m=1
k∏
i=max{k0,m+1}
α(di)α
nm(dm)
 (k0 − 1)hk−k0+1
k0−1∑
m=1
αnm(dm) +
k−1∑
m=k0
hk−mαnm(dm)
 (k0 − 1)hk−k0+1
k0−1∑
m=1
αnm(dm) +
k−1∑
m=k0
hk−m+nm
 C1hk + S2,
where
S2 ≡
k−1∑
m=k0
hk−m+nm <
k+nk−1−(k−1)∑
m=k+nk0−k0
hm = h
k+nk0−k0 − hnk−1+2
1 − h < h
k h
nk0−k0+1
1 − h = C2h
k,
where C1,C2 are appropriate constants. Therefore,
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k∏
i=1
α(di)d1 + C1hk + C2hk + αnk (dk)
< hk−k0+1
k0−1∏
i=1
α(di)d1 + +C3hk + hnk < C4hk + C3hk + hk = C5hk,
where C3,C4 and C5 are also constants.
Now, for k  k0 and m an arbitrary positive integer we have
d(xk, xk+m) d(xk, xk+1) + d(xk+1, xk+2) + · · · + d(xk+m−1, xk+m)
=
k+m∑
i=k+1
di <
k+m∑
i=k+1
C5h
k = C5 h
k+1 − hk+m
1 − h = C6h
k, (4.6)
which, in view of 0 < h < 1, shows that {xk} is a Cauchy sequence.
As X is complete, {xk} is convergent. Let limk→∞ xk = u ∈ X. Then
D(u,T u) d(u, xk) + d(xk, T u) d(u, xk) + H(T xk−1, T u)
 d(u, xk) + α
(
d(xk−1, u)
)
d(xk−1, u) + LD(u,T xk−1). (4.7)
Using the fact that xk ∈ T xk−1 and xk → u as k → ∞, it results that D(u,T xk−1) → 0 as
k → ∞. Since all three terms in the right-hand side of (4.7) tend to zero as k → ∞, it follows
that u ∈ T u. 
Remark. It is still possible to obtain an error estimate for the Picard iteration associated to a
generalized multi-valued weak contraction, under the assumptions of Theorem 4, but not exactly
of the form (3.5) or (3.6). Indeed, by letting m → ∞ in (4.6), it results the estimate
d(xk, u) C6hk, k  k0,
with h given by lim supt→c+ α(t) < h < 1, where c is defined as the limit of {dk}, that is,
limk→∞ dk = c 0, and dk = d(xk, xk−1).
Corollary 1. Let (X,d) be a complete metric space and T :X → CB(X) a generalized multi-
valued (α,L)-weak contraction, with α : [0,∞) → [0,1) a monotone increasing function satis-
fying 0 α(t) < 1, for each t ∈ [0,∞). If (4.1) is satisfied, then T has at least one fixed point.
Corollary 1 generalizes Theorem 1.2 in [13] by extending the range of T from the family of all
bounded proximinal subsets of X to CB(X) and also Corollary 2.2 in [13] from the contractive
condition
H(T x,T y) α
(
d(x, y)
)
d(x, y), for all x, y ∈ X, (4.8)
to the more general contractive condition (4.1).
5. Conclusions
The results in this paper are extensions or generalizations of many related results in literature.
We mention a few of them. If L = 0 in (3.4), then by Theorem 4 we obtain Theorem 2.1 in [13]
and other related results in [18,19]. If L = 0, then by Theorem 3 (and also by Theorem 4, if
additionally α(t) = α(const.) < 1), we obtain Nadler’s fixed point theorem [24].
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to the same problem see [9]). Based on [13, Lemma 1.1], which gives a characterization of the
so-called weakly contractive single-valued operators by a condition of the form (4.8), Theorem 3
also provides a generalization of Theorem 1.3 in [13] and consequently gives a partial general-
ization of the theorem of Dugundji and Granas [14] to the case of multi-valued mappings.
In view of Theorem 2.1 in [13], Theorem 3 in our paper also extends some results in [23].
Apart from the fixed point theorems in the single-valued case [3–5,8,10,35,39], which are ob-
tained as particular cases of Theorems 3 and 4, these two theorems also extend, partially or
totally, many fixed point theorems for multi-valued mappings in [10,25–28,33–36,38].
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